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For a variety of infectious diseases, annual oscillation of large and small incidence sizes has been
observed. $0$ne of potential causes for such annual oscillation would be the response of prevention
level to the incidence sizes in past epidemic seasons: The prevention level would be increased if
the incidence size was large in last and$/or$ past season(s). In this paper, to theoretically consider
this potential cause for the annual oscillation of incidence size about some infectious diseases, we
constructed and analyzed a simple mathematical model about the annual variation of incidence size
affected by incidence sizes in past seasons. We assume that the epidemic dynamics in each season is
govemed by the well-known Kermack-McKendrick SIR model, neglecting the temporal change of total
population size. We can derive the final-size equation that gives $R_{\infty}= \lim_{tarrow\infty}R(t)$ for the SIR model.
Let $R_{\infty}(k)$ be the incidence size at the $k$ th season, $N$ be the total population size (a temporally
invariant constant), and $z_{k}=R_{\infty}(k)/N$ be the relative incidence size. We assume that the incidence
sizes in past seasons influence the infection coefficient $\sigma_{k}$ and the recovery rate $\rho_{k}$ in the $k$ th season,
and let $\sigma_{k}=\sigma(\zeta_{k-1})$ and $\rho_{k}=\rho(\zeta_{k-1})$ , where $\zeta_{k-1}$ $:=\{z_{k-1}, z_{k-2}, \ldots\}$ represents the record of
incidence sizes in past seasons. We regard $\rho_{k}/\sigma_{k}$ as an index of the prevention level at the $k$ th season,
and give $\rho_{k}/\sigma_{k}=\rho(\zeta_{k-1})/\sigma(\zeta_{k-1})=f(\zeta_{k-1})$ . With this assumption to introduce the effect of past
incidence sizes on the prevention level in the present season, our modeling proposes a mathematical
model for the annual variation of incidence size affected by the annual change of prevention level. Our
analysis shows that the annual change of prevention level responding to past incidence sizes could
cause the annual oscillation of epidemic outbreaks with intermediate or subtle incidence size between
them. The result implies that such response of the prevention level to past incidence sizes could be a
driving factor for the annual oscillation of incidence sizes for some real epidemic diseases.
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( ) (1) $\ovalbox{\tt\small REJECT}$ $N=S(t)+I(t)+R(t)$ $t$
(1) 1 $S(t)$ $t$ $\emptyset$
$S(t)>\rho/\sigma$ (1) 2 $I(t)$ $t$ # $S(t)<\rho/\sigma$
$t$ (1) 3 $R(t)$ $t$
$I(t)$ $0$ ( 2 )
1
(basic reproduction number) Kermack-McKendrick (1) $\ovalbox{\tt\small REJECT}$
$\mathscr{R}_{0}$ $\mathscr{R}_{0}=\sigma N/\rho$ [1, 4]
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2: Kermack-McKendrick (1) $(S(t), I(t))$ $S\infty$
(1) $\ovalbox{\tt\small REJECT}$ $S_{\infty}= \lim S(t)$
( 2 ) $R_{\infty}= \lim_{tarrow\infty}R(t)$





$S(t)+I(t)- \frac{\rho}{\sigma}\ln S(t)=s_{0+I_{0}-\frac{\rho}{\sigma}\ln S_{0}}$ (3)
$t$
:
$S_{\infty}- \frac{\rho}{\sigma}\ln S_{\infty}=S_{0}+I_{0}-\frac{\rho}{\sigma}\ln S_{0}$ (4)
$S(O)=S_{0}>0,$ $I(0)=I_{0}>0,$ $R(O)=0$
$t$ $S(t)+I(t)+R(t)=N$ $S_{0}+I_{0}=N$ $S_{\infty}+I_{\infty}+R_{\infty}=N$
$I_{\infty}=0$ $S_{\infty}+R_{\infty}=N$ (4)
$N-R_{\infty}- \frac{\rho}{\sigma}\ln(N-R_{\infty}) = N-\frac{\rho}{\sigma}\ln(N-I_{0})$ (5)
$R_{\infty}$
$R_{\infty}=N-(N-I_{0})e^{-(\sigma/\rho)R_{\infty}}$ (6)















$k$ $R_{\infty}(k)$ , $I_{0}(k)$ ,










: $I_{0}(k)\ll N$ $y_{0,k}\ll 1$ $z_{k}$
(8) :
$z_{k}=1-e^{-\mathscr{R}_{0}(k)z_{k}}$ (9)
(9) $\mathscr{R}_{0}(k)\leq 1$ (9) $z_{k}=0$ $\mathscr{R}_{0}(k)>1$
$z_{k}=0$ (9) $z_{k}=\tilde{z}>0$









$f(\zeta_{k})$ $j\in\{k, k-1, k-2, \ldots\}$ $Zj\in[O, 1]$ :
$f(\zeta_{k})>0$ $\partial f(\zeta_{k})/\partial_{Zj}\geq 0$ $f$ $\zeta_{k}=\{z, z, \ldots\}$
( $k$ ) $\zeta_{k+1}=\{z, z, z, \ldots\}$ ( $k+1$ )
$f(\zeta_{k+1})=f(\zeta_{k})$
$f(\zeta)$ $\zeta$ $z\in[O, 1]$ $f(\zeta)$ $\zeta=\{0,0, \ldots\}$
$f(\{0,0, \ldots\})=f_{0}$
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4: $g(z)=-Nz/\ln(1-z)$ $z\in[0,1]$ (11)




$z_{k-1}$ (10) $z_{k}$ $\mathscr{R}_{0}(k)=N/f(\zeta_{k-1})\leq 1,$
$f(\zeta_{k-1})\geq N$ $z_{k}$ $=$ 0( ) $f(\zeta_{k-1})<N$ (10)
$z_{k}>0$ ( 1 ) (10) $\zeta_{k-1},$ $N$
$Zk$ $z_{k}=0$ $k$
$\mathscr{R}_{0}(k)=N/f(\zeta_{k-1})$ 1 $f(\{0,0, \ldots\})=f_{0}\geq N$
$k$ $f(\zeta)$ $\zeta$ $z\in[O, 1]$ $\zeta$






(10) $\{z_{k}\}$ $z^{*}$ :
$f( \zeta^{*})=-\frac{Nz^{*}}{\ln(1-z^{*})}$ (11)
$\zeta^{*}=\{z^{*}, z^{*}, z^{*}, \ldots\}$ $f(\zeta)$ $\zeta$
$z$ $f(\{0,0, \ldots\})=f_{0}<N$ (10)
$f(\zeta^{*})|_{z=0}=f_{0},$ $df(\zeta^{*})/dz^{*}\geq 0$ (11) $0<z^{*}<1$ 1
( 4 ) (10)
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5: $h(z)=-1/z-1/\{(1-z)\ln(1-z)\}$ $z\in[0,1]$ (14)
(10) $z_{k-1}$ $\partial z_{k}/\partial z_{k-1}$ :
$\frac{\partial z_{k}}{\partial z_{k-1}}=-\frac{1}{f(\zeta_{k-1})}\frac{\partial f(\zeta_{k-1})z_{k}\ln(1-z_{k})}{\partial z_{k-1}\ln(1-z_{k})+z_{k}/(1-z_{k})}$ (12)
$| \frac{\partial z_{k}}{\partial z_{k-1}}|\zeta_{k}=\zeta =| \frac{1\partial f(\zeta_{k-1})}{f(\zeta_{k-1})\partial z_{k-1}}|_{\zeta_{k-1}=\zeta}. |\frac{z^{*}\ln(1-z^{*})}{\ln(1-z^{*})+z^{*}/(1-z^{*})}|<1$ (13)
$z^{*}$ $f(\zeta)$ $\zeta$ $z\in[O, 1]$
(13) 2 ( 5 ),
(13) :
$\frac{1}{f(\zeta^{*})}\frac{\partial f(\zeta_{k})}{\partial z_{k}}|_{\zeta_{k}=\zeta}. <-\frac{1}{z}-*\frac{l}{(1-z^{*})\ln(1-z^{*})}$ (14)
3.2
















5 $\alpha\leq 1/2$ (17) $z^{*}>0$ $\alpha>1/2$ $0<z_{c}<1$
$z_{c}$ $z^{*}>z_{c}$ $z^{*}\leq z_{c}$ $z^{*}$
$\alpha\leq 1/2$ , $\alpha>1/2$ $z^{*}>z_{c}$ $\alpha>1/2$ $z^{*}\leq z_{c}$
$\alpha>1/2$ $z_{c}$ :
$\alpha=-\frac{1}{z_{c}}-\frac{l}{(1-z_{c})\ln(1-z_{c})}$ (18)










7: (10) $(1/\overline{\mathscr{R}}_{0},\hat{\alpha})$ (17-20)
(a) $Cb)$ (c)
8: $(\sigma=0)$ (10) (a) $\alpha=1.0$ ,


















9: $(\sigma=0)$ (10) (a) $\alpha=1.5;(b)\overline{\mathscr{R}}_{0}=5.0$ $N=1.0,$
$z_{0}=0.0$
10: $(\sigma=0)$ (10) $(1/\overline{\mathscr{R}}_{0}, \alpha)$
2 $(0,\hat{z}_{+})$
$0 \leq 1+\frac{1}{\alpha}\ln=^{1}\leq 1\mathscr{R}_{0}+\overline{\overline{\mathscr{R}}_{0^{\ln}}}1\{1+\frac{1}{\alpha}\ln_{\overline{\overline{\mathscr{R}}_{0}}}^{1}\}$ (21)
(Appendix ) (10) $(1/\overline{\mathscr{R}}_{0}, \alpha)$






$\hat{f}(z_{k}, z_{k-1}) = f_{0}e^{\alpha(z_{k}+bz_{k-1}})$
2
$\hat{f}$
$z_{k}$ $z_{k-1}$ 2 (10)















( (10) $\sigma=0$ )



















12: (10) (a) $\sigma=0.1;(b)\sigma=0.2;(c)\sigma=0.3;(d)\sigma=0.4;(e)\sigma=0.5$ ;
$(f)\sigma=0.6;(g\rangle\sigma=0.7;(h)\sigma=0.8$ $\overline{\mathscr{R}}_{0}=5.0,$ $N=1.O,$ $z_{i}=0.0(i\leq 0)$
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SEASON SEASON
13: (10) (a) $\sigma=0.2;(b)\sigma=0.3;(c)\sigma=0.4;(d)$




$(i.e., f(\zeta)$ $f(\{0,0, \ldots\})=f_{0}$)
$(N)$
Kermack-McKendrick
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(21) 1 4 (21) 1
(23) (21) 1
$\overline{\overline{\mathscr{R}}_{0}}1_{\leq-\frac{(1/\alpha)\ln\overline{\mathscr{R}}_{0}}{\ln\{1-(1/\alpha)\ln\overline{\mathscr{R}}_{0}\}}}$ (24)
(21) 2
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